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Abstract. We derive a closed-form expression for the kth power
of semicirculant matrices by using the determinant of certain ma-
trices. As an application, a closed-form expression for the kth
power of r-circulant matrices is also povided.
1. Introduction
The n×n r-circulant matrix Cn,r over a unitary commutative ring R
is one having the following form
(1.1) Cn,r =
⎛
⎜⎜⎜⎜⎜
⎝
c0 c1 c2 ⋯ cn−2 cn−1
rcn−1 c0 c1 ⋯ cn−3 cn−2
rcn−2 rcn−1 c0 ⋯ cn−4 cn−3
⋯ ⋯ ⋯ ⋯ ⋯ ⋯
rc1 rc2 rc3 ⋯ rcn−1 c0
⎞
⎟⎟⎟⎟⎟
⎠
,
where r ∈ R is a parameter. The r-circulant matrix Cn,r is deter-
mined by r and its first row elements c0, . . . , cn−1, thus we denote
Cn,r = circn,r(c0, . . . , cn−1).
However, an infinite semicirculant matrix over R is one having the
following form (see e.g., Henrici [3] or Davis [2])
A = [a0, a1, a2, . . .] =
⎛⎜⎜⎜⎜⎜⎝
a0 a1 a2 a3 ⋯
0 a0 a1 a2 ⋯
0 0 a0 a1 ⋯
0 0 0 a0 ⋯
⋯ ⋯ ⋯ ⋯ ⋯
⎞⎟⎟⎟⎟⎟⎠
.
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In the work [1], the general expression of the kth power Ak = [a0(k), a1(k), a2(k), . . .]
(k ∈ N) of a semicirculant matrix A = [a0, a1, a2, . . .] is presented.
More precisely the sequence {am(k)}m≥0 is obtained using a recursive
method. To do this, we have proved that for all k ∈ N,
(1.2)
ai(k) = L(A)(i,0)ak0(k0) +⋯+L(A)(i, j)ak−j0 (kj) +⋯ +L(A)(i, i)ak−i0 (ki),
where we adopt the convention that for any element a ∈ R and any
nonnegative integers k ≤ p, ak−p(k
p
) = δk,p.
The double sequence {L(A)(n,m)}n,m of elements of R is defined by
L(A)(n,m) = ∑
∆(n,m)
( m
k1, . . . , kn
)ak1
1
⋯aknn ,(1.3)
where ∆(n,m), m ⩽ n are integers, is the solution set of the following
system of equations
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(k1, . . . , kn) ∈ Nn
k1 +⋯+ kn =m
k1 + 2k2 +⋯+ nkn = n.
We note that Formula (1.2) expresses ai(k) in closed-form that is not
easy to use. Here we provide an easy closed-form formula in terms of
determinants. As a consequence, in the last section we give a closed-
form formula for the kth power of r-circulant matrices and we describe
a method for finding the solution set of the well known Diophantine
equation
k1 + 2k2 +⋯+ nkn = n.
Throughout this paper R will denote an arbitrary commutative ring
with identity.
2. Sequences L(A)(n,m) and un(A) corresponding to a
semicirculant matrix A
Let A = [a0, a1, a2, . . .] be a semicirculant matrix over R. Then The
sequence (L(A)(i, j))i,j is independent on the coefficient a0 and it is
uniquely determined by the following recursive formula (see Lemma 2.2
of [1]):
(2.1)⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
L(A)(0,0) = 1
L(A)(i,0) = 0 for i ≠ 0
L(A)(i, j) = 0 for i < j
L(A)(i, j + 1) = a1L(A)(i − 1, j) +⋯+ ai−jL(A)(j, j)
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Let L(A) be the matrix (L(A)(i, j))0⩽i,j . Then L(A) is the following
lower triangular matrix
1
0 a1
0 a2 a21
0 a3 2a1a2 a31
0 a4 2a1a3 + a22 3a21a2 a41
0 a5 2a1a4 + 2a2a3 3a21a3 + 3a1a22 4a31a2 a51
0 a6 2a1a5 + 2a2a4 + a23 3a21a4 + 6a1a2a3 + a32 4a31a3 + 6a21a22 5a41a2 a61
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱
Each colomn of this matrix can be deduced from the precedent one.
For example
⟨(a1, a2, a3, a4), (2a1a4+2a2a3,2a1a3+a22,2a1a2, a21)⟩ = 3a21a4+6a1a2a3+a32.
Let Li(A) be the ith row of the matrix L(A) and let Si(A) be the right
shift of Li(A) by one position. Then formula (2.1) implies that
(2.2) Sn(A) = a1Ln−1(A) +⋯ + anL0(A).
We now consider the sequence
(2.3) un(A) = { ∑ni=1L(A)(n, i)u0(A) = L(A)(0,0) = 1
It is clear that un is the sum of all elements of the (n + 1)th row of
L(A). From formula (2.2) it follows that
(2.4) { un(A) = a1un−1(A) + a2un−2(A) +⋯+ anu0(A)
u0(A) = 1
Clearly, the sequence un(A) is uniquely determined by the relation
(2.4).
Let us now consider the following sets:SC the set of all infinite semicirculant matrices with entries in the ring
R,D the subset of SC consisting of all diagonal matrices,U the set of all sequences satisfying the recurrence relation (2.4) for
some sequences {an}n≥1 of the elements of R,V the set of all double sequences satisfying the recurrence relation (2.1)
for some sequences {an}n≥1 of the elements of R.
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The following result shows the existence of a biunivoque correspon-
dence between any two of the sets: U , V and SC/D.
Proposition 2.1. There is a commutative diagram of bijections
SC/D
V U
̺ψ
ϕ
where the maps ρ, ψ and ϕ are defined as follows
̺(A) = {un(A)}n≥0, A denotes the equivalence class of A ∈ SCmoduloD.
ψ(A) = {L(A)(n,m)}n,m,
ϕ({φ(n,m)}n,m) = { n∑
i=0
φ(n, i)}n≥0.
These maps have respectively as inverses the following
ψ−1({φ(n,m)}n,m) = [0, φ(1,1), . . . , φ(n,1), . . .],
̺−1({un}n≥0) = [0, a1, . . . , an, . . .],
ϕ−1({un}n≥0) = {φ(n,m)}n,m,
where φ(n,m) = ∑
∆(n,m)
( m
k1, . . . , kn
)ak1
1
⋯aknn and {an}n≥1 is the sequence
of elements of R corresponding to {un}n≥0.
Proof. Because sequences of U are uniquely determined by (2.4), the
map ̺ is well defined. Let now A = [a0, a1, a2, . . .] and B = [b0, b1, b2, . . .]
such that un(A) = un(B), for all positive integer n. Then u1(A) =
u1(B) and hence a1 = b1. Furthermore, the relation (2.4) implies that
an = anu0(A) = un(A) − a1un−1(A) −⋯ − an−1u1(A). It then follows by
an easy induction that an = bn for all positive integer n, i.e., A = B.
Hence the map ̺ is injective. To show that ̺ is surjective, consider an
element (un)n∈N of U and let (an)n∈N∗ the corresponding sequence of R.
It is clear that ̺([0, a1, . . . , an, . . .]) = {un}n≥0, and then the map ̺ is
bijective.
The same argument as for ̺ applies again to ψ.
Now let {φ(n,m)}n,m ∈ V and consider the matrix A = [0, φ(1,1), . . . , φ(n,1), . . .].
It is clear that ϕ({φ(n,m)}n,m) = {un(A)}n≥0 and then ϕ is bijective.
The last assertion follows immediately from the fact that ϕ ○ψ = ρ. ∎
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Proposition 2.2. Let a0, a1, a2, . . . ∈ R and let δ(a0, a1, . . . , an) be the
following determinant
(2.5) δ(a0, a1, . . . , an) =
RRRRRRRRRRRRRRRRRRRRRRRRRRR
a1 a2 ⋯ ⋯ ⋯ an
a0 ⋱ ⋱ ⋮
0 ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ a2
0 ⋯ ⋯ 0 a0 a1
RRRRRRRRRRRRRRRRRRRRRRRRRRR
.
Then we have
δ(a0, a1, . . . , an) = δ(1, a1, . . . , aiai−10 , . . . , anan−10 )(2.6)
= δ(−1, a1, . . . , ai(−a0)i−1, . . . , an(−a0)n−1)(2.7)
for all n ∈ N∗.
Proof. The claim is trivially true for a0 = 0. Suppose a0 ≠ 0. For the
proof of the first equality it suffices to multiply every column Ci of the
determinant δ(a0, a1, . . . , an) by ai−10 , and then multiply every row Ri
of the resulting determinant by a−i+1
0
.
To obtain the last equality, it suffices to multiply each of the even rows
of the determinant δ(1, . . . , aiai−10 , . . . , anan−10 ) by −1, and then multiply
each of the even columns of the resulting determinant by −1. ∎
Proposition 2.3. Let A = [a0, a1, a2, . . .] be a semicirculant matrix
over R, and let {un(A)}n≥0 be the sequence of elements of R associated
to A given in (2.3). Then we have
(2.8) un(A) = δ(−1, a1, . . . , an)
for all n ∈ N∗.
Proof. By (2.6) we know that δ(−1, a1, . . . , an) = δ(1, a1, . . . , ai(−1)i−1, . . . , an(−1)n−1).
Assume that n ⩾ 1, and let us expand the determinant δ(1, a1, . . . , ai(−1)i−1, . . . , an(−1)n−1)
along the first row. Then we get
δ(−1, a1, . . . , an) = n−1∑
i=1
aiδi,
where δi is the cofactor associated with the entry (−1)i−1ai of the matrix
δ(1, a1, . . . , ai(−1)i−1, . . . , an(−1)n−1).
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It can be easily seen that the cofactor δi has the form
δi =
RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR
1 ⋆ ⋆⋱
0 1
a1 −a2 ⋯ an−i(−1)n+1−i
0
1 ⋱ ⋮
⋱ ⋱ ⋮
0 1 a1
RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR
Thus for i ⩾ 1 we have δi = δ(−1, a1, . . . , an−i−1). Hence
δ(−1, a1, . . . , an) = n−1∑
i=1
aiδ(−1, a1, . . . , an−i−1).
It follows that the sequence δ(−1, a1, . . . , an) satisfies the recurrence
relation (2.4). But since δ(−1, a1) = a1, we have δ(−1, a1, . . . , an) = un
for all n ∈ N∗. ∎
The following proposition is useful for the proof of the main result.
Proposition 2.4. Let X be an indeterminate over R and let {an}n≥1 be
a sequence of the elements of R. Let Xn(X) be the polynomial sequence
defined by
(2.9) Xn(X) = δ(−X,a1, . . . , an).
Then one has
(2.10) Xn(X) = n∑
i=1
L(A)(n, i)Xn−i,
where A = [0, a1, a2, . . .].
Proof. Let A = [0, a1, a2, . . .] and consider the semicirculant matrix B =[0, a1, a2X, . . . , anXn−1, . . .] over R[X]. Then
L(B)(n,m) = ∑
∆(n,m)
( m
k1, . . . , kn
)ak1
1
(a2X)k2⋯(anXn−1)kn
= ∑
∆(n,m)
( m
k1, . . . , kn
)ak1
1
⋯aknn Xk2+⋯+(n−1)kn ,
and since k2+⋯+(n−1)kn = (k1+2k2+⋯+nkn)−(k1+k2+⋯+kn) it follows
that k2 + ⋯ + (n − 1)kn = n −m, and L(B)(n,m) = L(A)(n,m)Xn−m.
On the other hand, Formula (2.7) together with Formula (2.8) yield
un(B) = Xn(X). As a consequence of Proposition 2.1, we have Xn(X) =
n∑
i=1
L(B)(n, i) = n∑
i=1
L(A)(n, i)Xn−i. ∎
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Let k and n be nonnegative integers and let [.]nk ∶ R[X] Ð→ R[X]
be the linear map defined by
[X i]nk =Xk−(n−i)( kn − i),
where we use the convention that for k ≤ p,
(2.11) Xk−p(k
p
) = δk,p,
the Kronecker delta. Then we have The following result which gives a
closed-form expression of the kth power of semicirculant matrices.
Theorem 2.5. Let {an}n∈N be a sequence of the elements of R. For
all nonnegative integer k, the kth power of the semicirculant matrix
A = [a0, a1, a2, . . .] are given as follows:
Ak = [[X0]0k(a0), [X1]1k(a0), [X2]2k(a0), . . .](2.12)
where Xn is the polynomial δ(−X,a1, . . . , an) given in (2.9) and X0 = 1.
Proof. Follows immediately from Proposition 2.4 and Formula (1.2).
∎
Example 2.6. Consider a semicirculant matrix A = [3,2,2,−3,3]. Let
k be any nonnegative integer. We have
X3(X) =
RRRRRRRRRRRRR
2 2 −3
−X 2 2
0 −X 2
RRRRRRRRRRRRR
= −3X2 + 8X + 8.
Then the (1,4) entry of matrix Ak is −3×3k−1(k
1
)+8×3k−2(k
2
)+8×3k−3(k
3
).
Example 2.7. Consider another semicirculant matrix B = [0,2,1,0,3].
Let k be any nonnegative integer. We have
X4(X) =
RRRRRRRRRRRRRRRRRR
2 1 0 3
−X 2 1 0
0 −X 2 1
0 0 −X 2
RRRRRRRRRRRRRRRRRR
= 3x3 + x2 + 12x + 16.
Then the (1,5) entry of matrix Bk is 3(k
1
)0k−1 + (k
2
)0k−2 + 12(k
3
)0k−3 +
16(k
4
)0k−4.
3. Applications
3.1. A closed-form expression for the kth power of Cn,r.
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Theorem 3.1. Let r, c0, . . . , cn−1 ∈ R and let k be any nonnegative
integer. Consider the r-circulant matrix
Cn,r = circn,r(c0, . . . , cn−1).
Then the pth strip of Ckn,r is
(Ckn,r)p = ∑
m≡p (mod n)
ck−m0 [Xm]mk (c0)r⌊mn ⌋,
where
Xm(X) = { δ(−X,c1, . . . , cm) if m ≥ 11 if m = 0,
and ⌊x⌋ denotes the greatest integer less than or equal to x.
Proof. Follows immediately from Theorem 2.5 and Theorem 4.1 of [1].
∎
Remark 3.2. The sequence r⌊
m
n
⌋, appearing in the pth strip
(Ckn,r)p = ∑
m≡p
cm(k)r⌊mn ⌋
of the r-circulant matrix Ckn,r, is nothing but the geometric sequence
with common ratio r.
Example 3.3. Let C = circ5,2(5,4,3,2,1) and let [C] = [5,4,3,2,1,0,0, . . .]
be the associated infinite semicirculant matrix. Put
[C]k = [c0(k), c1(k), c2(k), . . .].
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Using the method provided in Theorem 2.5, we obtain
cs(3) = 0 for all s ≥ (3 × 4) + 1 = 13;
X12(X) = x9 +⋯, c12(3) = 59 × 5−9(3
3
) = 1;
X11(X) = 6x8 +⋯, c11(3) = 6 × 50(3
3
) = 6;
X10(X) = 21X7 +⋯, c10(3) = 21 × 50(3
3
) = 21;
X9(X) = 56X6 +⋯, c9(3) = 56 × 50(3
3
) = 56;
X8(X) = x6 + 111x5 +⋯, c8(3) = 51(3
2
) + 111 × 50(3
3
) = 126;
X7(X) = 4X5 + 174X4 +⋯, c7(3) = 4 × 51(3
2
) + 174 × 50(3
3
) = 234;
X6(X) = 10X4 + 219X3 +⋯, c6(3) = 10 × 51(3
2
) + 219 × 50(3
3
) = 369;
X5(X) = 20X3 + 204X2 +⋯, c5(3) = 20 × 51(3
2
) + 204 × 50(3
3
) = 504;
X4(X) = x3 + 25x2 + 144x +⋯, c4(3) = 52(3
1
) + 25 × 51(3
2
) + 144 × 50(3
3
) = 594;
X3(X) = 2X2 + 24X + 64, c3(3) = 2 × 52(3
1
) + 24 × 51(3
2
) + 64 × 50(3
3
) = 574;
X2(X) = 3X + 16, c2(3) = 3 × 52(3
1
) + 16 × 51(3
2
)) = 465;
X1(X) = 4, c1(3) = 4 × 52(3
1
) = 300;
c0(3) = 53 = 125.
Hence[C]3 = [125,300,465,574,594,504,369,234,126,56,21,6,1,0,0, . . .].
Therefore,
C30 = 125 × 20 + 504 × 21 + 21 × 22 = 1217
C31 = 300 × 20 + 369 × 21 + 6 × 22 = 1062
C32 = 465 × 20 + 234 × 21 + 22 = 937
C33 = 574 × 20 + 126 × 21 = 826
C34 = 594 × 20 + 56 × 21 = 706.
Thus
C3 = circ5,2(1217,1062,937,826,706).
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3.2. The calculation of ∆(n). Consider the solution set ∆(n, p) of
the following system of equations
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(k1, . . . , kn) ∈ Nn
k1 +⋯+ kn = p
k1 + 2k2 +⋯+ nkn = n.
Here, p and n are positive integers such that p ⩽ n.
Let ∆(n) be the solution set of the diophantine equation
k1 + 2k2 +⋯+ nkn = n.
We have clearly
∆(n) = ⋃
1≤i≤n
∆(n, i).
Let X,x1, . . . , xn be independent indeterminates over R. From (2.10)
we have
Xn(X) = n∑
i=1
L(A)(n, i)Xn−i,
and from (1.3) we have
L(A)(n, i) = ∑
∆(n,i)
( i
k1, . . . , kn
)xk1
1
⋯xknn ,
where A = [0, x1, . . . , xn].
We observe that we can determine the set ∆(n) by computing the
polynomial Xn(X), and then Comparing the polynomial L(A)(n, i),1 ≤
i ≤ n, and the term of degree n − i of Xn(X).
Example 3.4. We have X4(X) = x4X3+(2x1x3+x22)X2+3x21x2X +x41.
Then
∆(4,1) = {(0,0,0,1)},
∆(4,2) = {(1,0,1,0), (0,2,0,0)},
∆(4,3) = {(2,1,0,0)},
∆(4,4) = {(4,0,0,0)}
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Example 3.5. We have X6(X) = x6X5 + (2x1x5 + 2x2x4 + x23)X4 +(3x2
1
x4 + 6x1x2x3 + x32)X3 + (4x31x3 + 6x21x22)X2 + 5x41x2X + x61. Then
∆(6,1) = {(0,0,0,0,0,1)},
∆(6,2) = {(1,0,0,0,1,0), (0,1,0,1,0,0), (0,0,2,0,0,0)},
∆(6,3) = {(2,0,0,1,0,0), (1,1,1,0,0,0), (0,3,0,0,0,0)},
∆(6,4) = {(3,0,1,0,0,0), (2,2,0,0,0,0)},
∆(6,5) = {(4,1,0,0,0,0)},
∆(6,6) = {(6,0,0,0,0,0)}
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